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Abstract

It is known from extensive work with the diode resonator that the nonlinear
properties of a PN junction can lead to period doubling, chaos, and other
complicated behaviors in a driven circuit. There has been very little work
on what happens when more than one PN junction is present. In this work,
the first step towards multiple PN junction circuits is taken by doing both
experiments and simulations with a single-transistor amplifier using a bipolar
transistor. Period doubling and chaos are seen when the amplifier is driven
with signals between 100 kHz and 1 MHz, and they coincide with a very low
frequency switching between different period doubled (or chaotic) waveforms.
The switching frequencies are between 5 and 10 Hz. The switching behavior

was confirmed in a simplified model of the transistor amplifier.
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I. INTRODUCTION

Because of electromagnetic interference (which may be unintentional or intentional) [1],
many circuits designed for low frequency operation may be subjected to radiofrequency (RF)
signals. At high frequencies, the inductance in the wiring of these circuits combined with
capacitance in semiconductor PN junctions can cause resonances, exposing the circuit to
larger RF voltages than anticipated by the circuit designer. The large voltages, combined
with the nonlinear voltage-dependant capacitances of the PN junctions, can cause nonlinear
effects such as period doubling, chaos, and others. The simplest example of this type of
effect is the diode resonator [2-10], which has been extensively studied.

There has been very little study of semiconductor circuits containing more than one PN
junction. Period doubling and chaos have been observed in a transistor amplifier circuit
[11], and in a microwave amplifier [12], but there has been no analysis and only very simple
modeling of these effects in circuits more complicated than the diode resonator. There
have been several chaotic oscillator circuits based on transistors [13—15], but those were self
oscillatory circuits designed to be chaotic, while the present paper concerns a non-oscillatory
circuit which is driven outside the range for which it was designed.

In this work, a single-transistor amplifier is studied experimentally and numerically. Not
only are period doubling and chaos observed, but very low frequency switching between
different complex waveforms is also seen. The low frequency behavior was seen both in the
experiment and in a numerical model. This low frequency behavior could complicate the

use of the amplifier when electromagnetic interference was present.

II. THE TRANSISTOR

The amplifier in the paper is based on a 2n929 transistor, a bipolar NPN transistor.
Figure 1 is a simple block diagram of a transistor. The 3 terminals of the transistor are

labeled base, collector and emitter. In this NPN transistor, the base is a layer of P-type



semiconductor material, while the collector and emitter are N-type, so that the transistor
looks like two back-to-back PN junctions. The transistor is not the same as two back-to-
back diodes because most of the current flowing from the collector or emitter into the base
continues flowing through the base into the emitter or collector.

The resistors labeled Ry or Ryg represent the nonlinear resistances of the PN junctions
making up the transistor. In the simplest model, the resistors conduct no current until the
voltage across them reaches some threshold, at which point the nonlinear resistance conducts
current. The arrows on the nonlinear resistors indicate the directio of easy current flow.
The actual behavior is more complicated. The functioning of the nonlinear resistances in
the transistor may be described by the Ebers-Moll equations [16]. For an NPN transistor,

such as the 2n929 used in the experiments above, the equations are

Ic =1, [— (e_qlz/TCB — 1) + o (eqz# — 1)] (la)

Ig =1, [(eq‘%ﬁ — 1) — o (e_quTCB — 1)] (1b)

[B:[C_[E (1C)

where [ is the current flowing into the collector, I5 is the current flowing into the base,
and [g is the current flowing out of the emitter. Vg is the collector-base voltage, Vg is
the base-emitter voltage, ¢ is the charge of 1 electron, k is the Boltzman constant, T is the
temperature in Kelvins, and « is the fraction of current that flows from the collector, through
the base, and into the emitter (or in the reverse direction). The fraction « is typically just
below 1.0: for the 2n929 transistor, it was measured as 0.995.

Each PN junction also stores some charge, so the charge storage is represented by a
capacitor in parallel with the nonlinear resistor. There are actually 2 types of charge storage
in the PN junction [16], so C¢ and Cg in Fig. 1 really stand for 2 capacitors in parallel.
There is region at the actual junction between P and N type semiconductors that is depleted

of charge, and this region acts like the dielectric in a parallel-plate capacitor. The charge



stored in this capacitor leads to the junction capacitance C;(V) (where V is the voltage

across the PN junction) [17]

Cy(0) n b
CJV = 3 1 5 2
. (V=13 +)" ( T (v +b)) .

where Vj, is the built-in voltage (approximately the turn on voltage) for the junction, V
is the voltage across the junction, and b and n may be estimated by measuring junction
capacitance as a function of V for V- < V, . Equation (2) is actually an approximation that
is accurate only for V' < Vj , but for V' > Vb | the second type of capacitance described
below dominates.

Outside of the depletion region, minority carriers diffuse into the bulk of the semicon-

ductor, leading to the diffusion capacitance Cp(V)

Cp (V) = Cp (0) el 1) (3)
where ¢ is the charge of 1 electron, k is the Boltzman constant, and 7' is the temperature
in Kelvins.

In experiments with PN junctions (such as the diode resonator), the capacitance of the
PN junction combines with stray inductance in the circuit wiring to form a series resonant
circuit. Typical capacitances for PN junctions are on the order of 1072 F or less (1 pF),
so these resonances occur at frequencies of 1 GHz or greater. Acquiring data and building
circuits at such high frequencies is difficult, so in the experiment described here, an inductor
was added to the circuit to increase the inductance of the wiring, therefore lowering the
resonant frequency to a range between 200 kHz and 30 MHz. In many of the plots in this

paper, the frequency axis is normalized by this resonant frequency.

I1I. THE AMPLIFIER

Figure 2 is a schematic of the common-emitter amplifier used in the experiments. The

transistor 7T} is a 2n929 bipolar transistor. The inductor L has been added to the amplifier



circuit to increase the inductance of the wiring so that the circuit behavior may be studied
at lower frequencies. The output from the amplifier is the voltage V7 measured across the
load resistor Ry, . The values of the circuit components are given in the figure caption. Trim
pots were used to create resistances that did not match standard resistance values.

The circuit was driven with a constant amplitude sine wave V; generated by a digital
function generator. In order to further isolate the signal generator from the circuit, the
signal V; was first passed through a broad-band preamplifier which acted as a buffer. To
lessen the effect of the detection electronics on the amplifier circuit, a 100 k() resistor was

placed between the location where Vi, was measured and the detector.

IV. EXPERIMENT

As the frequency and amplitude of the driving signal V were varied, period doubling
and chaos were among the dynamical effects observed. Period doubling and chaos have
been seen in other amplifier circuits [11,12] and in the diode resonator, so their presence
was not surprising. What was surprising is that the DC level of V; fluctuated slowly but
periodically, oscillating at frequencies between 5 and 10 Hz. After passing through a 100 k2
resistor, Vz, was low-pass filtered through an amplifier which filtered out signals above 1000
Hz, and the filtered V7, signal was digitized. Figure 3 is a time series of the low-pass filtered
output, which shows regular switching (the inductor L was set to 2200 yH). Figure 4 shows
the beginning and end of one of these switching events, with no low pass filtering.

The origin of this switching could be seen by digitizing the voltage Vi , which was
the voltage at the collector of the transistor. An isolating probe was used to isolate the
transistor circuit from the digital oscilloscope used to detect Vi . Two distinct states with
different DC levels were observed for Vi . Figure 5(a) shows a plot of Vi vs. Vg for the
state corresponding to the higher DC level, while 5(b) is the state with the lower DC level.
A slow but periodic switching between these 2 states was the cause of the low frequency

switching seen in the amplifier output.



The frequency of this slow switching varied depending on the value of V4. Figure 6 is a
plot of switching frequency as a function of the frequency and amplitude of V, with black
being the highest frequency and white corresponding to no switching. The frequency axis
fn 1s normalized by the resonant frequency of the series resonant circuit consisting of the
inductor and the transistor. The base-emitter junction of the transistor acts as the capacitor
in the series resonant circuit. The base-emitter capacitance, which varied as a function of
bias voltage, was measured in the lab for the 2n929 transistor, and the capacitance at 0
bias, C'(0) = 24 pF, was used to calculate the resonant frequency of the series LCR circuit.
A frequency of f, = 1 corresponds to the resonant frequency of this circuit, which for L =
2200 pH was approximately 693 kHz.

The switching frequency is quite sensitive to the parameters of the driving voltage, and
there is a large region near the resonant frequency where no switching is seen. The bifurcation
diagram in Fig. 7 shows why there is no switching in this region. The bifurcation diagram
was created by plotting the value of Vi when the driving signal V4 crossed 0 in the negative
direction. The amplitude of V4 for the bifurcation diagram was 5 V. The bifurcation diagram
shows that low frequency switching exists only when attractors higher than period 1 exist.
There is only 1 period 1 state, but there are at least two distinct types of waveform for
states with periods higher than 1.

There was a lower driving frequency limit below which switching was not seen. Switching
was observed for a resonant frequency of 459 kHz (1. = 5000 pH), but not for a resonant
frequency of 383 kHz (L = 7200 pH), although period doubling was seen for this resonant
frequency. Low frequency switching was seen when the resonant frequency of the inductor-
transistor combination was 10.2 MHz (L. = 10 pH), but neither period doubling or low
frequency switching was seen for a resonant frequency of 32 MHz (L = 1 pH). It has been
shown in the diode resonator that period doubling for higher driving frequencies can be
suppressed by the stray capacitance of the breadboard on which the circuit is assembled [2],

so it is possible that low frequency switching could also exist at higher driving frequencies.



V. NUMERICAL SIMULATIONS

Numerical simulations are useful to confirm that the dynamical effects seen are indeed
part of the transistor amplifier, and not caused by some other effect, such as an interaction
with the driving signal source or the detection electronics. The simulations can also reveal if
the model used for the transistor is adequate to produce the effects seen in the experiment.

The transistor may be described by eqgs. (1-3), but the resulting model is difficult to
work with. The exponential terms in eq. (1) and (3) make the resulting equations of motion
stiff, requiring the use of a stiff numerical integration routine. Stiff routines are slower
then integrators that are not stiff [18], and integration speed is a matter of concern in this
problem. The amplifier circuit was driven at frequencies on the order of 1 MHz, while the
switching events occurred at frequencies of a few Hz, so very long integration times will be
necessary to model the switching. In order to make the simulations more practical, a simpler
piecewise linear model for the transistor was substituted. A disadvantage of changing to the
piecewise linear model is that there is no longer a direct correspondence between model
parameters and the measurable physical parameters of the transistor.

The combined capacitances for the transistor were replaced with a single piecewise linear

model. A similar model was used by Tanaka [8]. The capacitance model used here is

Co |V <V
Cn(V,s) = (4a)
s(m,V4+b,) |V]>Va
bn =S (CO - mn‘/bl) (4b)

where V' is the voltage across the junction, s is -1 for the collector-base junction and +1
for the base-emitter junction (the signs would be reversed for a PNP transistor), Vj; is 0.5
V, the 0 bias capacitance Cy is 24 pF, and the slope my = 500 pF/V (the value of the slope
was arbitrary).

The nonlinear current equations (eq. 1) were also replaced with

le = Io[g. (Vos, —1) + ag. (VBEe, 1)] (5a)
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Ig =1y [gn (VBEv 1) + agp (VCBv _1)] (5b)

[B = [C — [E (5C)
0 [V[< Vi
gn (V,s) = (5d)
mIV—I-b[ |SV| > Vi
by = smiVi (5e)

where the slope m; = 107* A/V | and the turn-on voltage Vi, was 0.6 V. The break
point voltage in the capacitance function of eq. (4) (Vi) was slightly less than the turn-on
voltage V;3 because the capacitance value starts to rise before the transistor turns on.

The slope constant m; in eq. (5) was set by simulating the characteristic curves for the
transistor, where the collector current I is plotted as a function of the collector-emitter
voltage Vo for different levels of the base current [, [19]. Figure 8 shows a characteristic
curve plot for the 2n929 transistor (measured experimentally), where the base current values
for the curves were 0.5 pA, 1.7 pA; 2.9 pA, 4.1 pA, and 5.3 pA. Figure 9 shows the char-
acteristic curves from the piecewise linear simulation, with base current values of 0.19uA,
0.67 pA, 1.1 A, 1.6 pA and 2.1 pA. These plots are a standard method for characterizing a
transistor. The simulated curves were compared with actual curves, and m; was chosen to
make the simulations roughly match the experimental curves. The full equations of motion

for the transistor amplifier were

dvy, [ S+ lo R R
d \R R Colzr,—1)

@_ Ji By +Js Ro+ IR R Ry (6h)
dt N Rc R[ RA Cn(l‘z,l)
Ri (Rp Va+R2 Ry z3+Ro 34)
des _ — () + o (60)
dt L
T2 T4 Jy Ri+Js Ro+1Ic. Re R R Ce+Ch, z2,1
oy _ [6+R_e_R_e_( RCRZRAén(Ql,(l) et (6)
di o
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des _dVo 13 (6e)

dt T At O
dve IcRe+ay—ay @  JitlcR R
dt N 0635 ClRl RCRZCn(l‘l,—l)

(JaRi+Js Re+ I. R- Ry Ra) (Cs + Cr(a2,1))

a Co Re Ry Ry C,\(22,1) (67)
Ra=(RyRy+ Ry (Ry 4 Ry)) (6g)

Ji= (R (=Va+ 21 + 24) + R 26) (6h)

Jy = (R (Vi — Row3) + R, xg) (61)
Js=(Ja+ i R+ R Ry (—Va + 24)) (6))
Ji= (S R+ Ji Ry + R Ry (=V, + 24)) (6k)
Js = (J1 Ry + R. Ry x4) (61)

V. 1s the power supply voltage of 415 V. The variable x; corresponds to the collector-base
voltage, x5 corresponds to the base-emitter voltage, x3 is the current through the inductor
L, x4 1s the voltage at the base of the transistor, x4 is the voltage at the junction of the input
capacitor Cy and the inductor L, and x¢ is the voltage across the load resistor Ry. Voltages
other than z; and x5 were referenced to ground. R; is added to the model to simulate the
base resistance of approximately 50 €), and the inductor L was set to 2000 pH, while all
other component values are the same as in the circuit. The terms R4 and J; through Js do
not have any particular units, but are added to make it possible to write the equations on
one page.

The large separation in time scales between the driving frequency and the response

frequency of the transistor amplifier made it impractical to do extensive parameter variation
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studies, so the model was used only to verify that the low frequency switching was indeed
possible in the transistor amplifier circuit by itself, and not caused by some other artifact
of the experiment.

In the experiment, it was observed that varying the values of the capacitors C; , (5
and C3 by a factor of 10 did not affect the driving frequencies or amplitudes at which low
frequency switching was seen, nor was the distribution of switching frequencies affected.
Since the results of the experiment weren’t very sensitive to the values of these capacitors,
for the simulation they were all set to 1 pF in order to reduce the length of the initial
transient in the simulations.

The simulations of equation 6 used a 4’th order Runge-Kutta integration routine [18]
with a stepsize of 107® s. Each simulation was first run for 20,000,000 steps to eliminate
the long initial transient. Figure 10 is a bifurcation plot from eq. (6), where f, is the
driving frequency divided by the inductor-transistor resonant frequency of 795 kHz, and x4
is the value of x; when the driving signal crosses 0 in the positive direction. The driving
amplitude for Fig. 10 was 15 V. Signal amplitudes in the piecewise linear model do not
correspond directly to signal amplitudes in the actual amplifier. The bifurcation plot does
show regions of complex behavior, but unlike the experiment, all of this behavior occurs
only for frequencies below the resonant frequency. Figure 11 shows a time series of the value
of x; at the positive-going zero crossings of the driving signal, for a driving frequency of 500
kHz (f, = 0.63) . Low frequency switching between two different types of behavior is clearly
seen. The switching frequency is 115 Hz. Figure 12 shows Poincare sections from the two
different types of oscillation. Figure 12(a) is a Poincare section of x5 vs. x; for the larger
oscillation, while (b) is a Poincare section for the smaller oscillation. As in the experiment,

different waveforms are present during the two different types of oscillation.
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VI. CONCLUSIONS

This paper has shown that driving a transistor amplifier with a high frequency signal can
cause very low frequency switching. The low frequency switching was seen in an experiment,
and its existence was confirmed in a simple piecewise linear model of the transistor amplifier.

No such switching has been reported in the well-studied diode resonator circuit, which
has only a single PN junction, so it is almost certain that the double PN junction in the
transistor is responsible for the switching. This switching was not observed in my lab in a
back-to-back pair of diodes, but because of the narrow base layer of the transistor, it is not
the same as a simple pair of diodes.

Low frequency switching was seen in other types of transistors besides the one reported
here, including a MOSFET power transistor.

This paper does not address the cause of the low frequency switching. The large frequency
difference between the driving signal and the switching means that specialized mathematical
techniques for analyzing fast-slow systems must be employed. It is anticipated that further

analysis will be undertaken in the future.
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Collector

Emitter

Figure 1. Block diagram of an NPN transistor. R, represents the base resistance of
approximately 50 W, while R, and Ry represent the nonlinear resistances of the

transistor. C. and C; represent the capacitances of the transistor.

Figure 2. Schematic of the amplifier circuit used in the experiments. The
component valuesare R, = 40,420 W, R, = 204545 W, R, = 15,000 W, R,=3750 W, R, =
1MW, C,=C,=25nF, C,=330nF, L =2200 nH, and the transistor T, is of type 2n929.

The driving voltage is applied at the location marked V, , and the output voltageis
measured at V, .
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Figure 3. Low-pass filtered signal V, when low frequency switching is present.
The low passfilter break frequency was 1 kHz.
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Figure 4(a) Unfiltered V| signal at the start of a switching event. (b) Unfiltered V,
at the end of a different switching event. The time scale of a complete switching event

was on the order of 0.1 s.
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Figure 5. Phase space plots of V, the voltage at the collector, vsthe driving
voltage V, during the two different parts of a switching event. The two V. waveforms
have different DC components, leading to the large DC swings seen in Fig. 3.

5 ]

—

4 — n

"

3 | .
2 m |

1 — u * -.

O—

v, V)

! ! ! ! ! ! !
02 04 06 08 10 12 14

n

f

T T T 1 T 1
4 8 12
f, (Hz)

Figure 6. Frequency of the slow switching for different amplitudes and
frequencies of the driving signal, where black is the highest value and white corresponds
to zero. f, isthe driving frequency normalized by the resonant frequency of the inductor-
transistor series resonant circuit. The lower graph gives the frequency scale for the upper
graph, wheref, is the switching frequency.
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Figure 7. Bifurcation plot of V, from the transistor amplifier experiment strobed
when the driving signal V, crosses O in the positive direction. f, is the driving frequency
normalized by the resonant frequency of the inductor-transistor series resonant circuit.
The amplitude of the driving signal was 5 V. The regions where period 2 or higher
behavior was seen in the bifurcation plot coincide with the regions where slow switching

was seen.
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Figure 8. Characteristic curves of the collector current I vs. the collector-emitter
voltage V  at different base currents for the 2n929 bipolar transistor used in the circuit of

Fig. 1. The base currents for these curves (starting at the bottom) were 0.5 mA, 1.7 mA,
29mA, 4.1 mA, and 5.3 mA.
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Figure 9. Characteristic curves of the collector current I vs. the collector-emitter
voltage V - at different base currents for thepiecewise linear model of atransistor
amplifier. The base currents for these curves (starting at the bottom) were 0.19 mA, 0.67

mA, 1L.1mA, 1.6 mA, and 2.1 mA.
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Figure 10. Bifurcation plot from the model of eq. (6), with a driving amplitude of
15 V. f, isthe driving frequency normalized by the resonant frequency of the inductor-
transistor series resonant circuit. The x; signal was strobed on the positive-going zero
crossing of the driving signal.
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Figure 11. Time series of the strobed x, signal from the model of eq. (6), when the
driving amplitude was 15 V and the driving frequency was 500 kHz (f, = 0.63). The
frequency of the large switching eventsis 115 Hz.
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Figure 12. Poincare sections of 2 signals from the model of eq. (6) (strobed at the
positive-going zero crossing of the drive signal) for a drive amplitude of 15V and
frequency of 500 kHz. (a) isfor the larger oscillation in Fig. 11, while (b) isfor the
smaller oscillation.



