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| s chaos useful for communications?
Self-synchronizing systems:

o “Transmitted reference” systems
developed in 1960’s.

~ carrier
>
transmitter receiver
) >

reference
Added noise contaminatesrefer ence. Easy
to jam because 2 signals

 “* Self-synchronizing” chaotic systems
Same noise problems.
Only 1 signal required.

e Non-synchronizing chaotic systems.

Similar to CDMA



If “transmitted reference” methods already
known, why study chaotic self-
synchronization?

Chaotic systems are dynamical systems.
We may be ableto manipulatethem in

new ways.



L ook at physics of coupled dynamical
systems

How to get receiver to synchronize most
closely to drivein the presence of:

e additive noise

e phase distortion

Main concern: get signal from AtoB
considering only these ssimplest problems.
Worry about engineering measur ements
later.

Build up a set of toolsfor improving
synchronization. Don’t try to solve entire
problem at once.



Methods used:

* choice of dynamical system (2-attractor
systems)

e Improverecever stability through:
synchronous substitution
generalized coupling with minimization

e vary transmitted signal properties
synchronous substitution
coupling through functions:

- linear filters

e “Stored reference’” methods
ssmilar to CDMA



Synchronizing Chaotic Systems:

s

X

drive a subsystem

if all Lyapunov exponentsof driven subsystem <0,
will synchronize



Synchronizing chaotic systems

ax —
o = fxy.2)
dy _ dv' \/ '
Faet Y- gy
d_Z = dz — 'S
dt W(X,y,Z) dt W(X,y,z)

| | | |
drive system response system

y'(t) - y(t)
Z(t) - z(t)

if: all Lyapunov exponents for response system
are<0



Cascading synchronized systems
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Rosdsler-like cir cuit




PL Rossler circuit synchronization
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Example: Synchronizing PL Rosdler:
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Simple Lyapunov Exponent Calculation
(L argest exponent only)

choose random unit vector ¢
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Simple Lyapunov Exponent Calculation

Occasionally renormalize ¢(t)

() O
InE@E_) Amax

For piecewise linear systems. can just
take eigenvalues of Jacobian.

Flow (linear)map
> (0 : expansion abs> 1. expansion

< 0: contraction abs< 1: contraction



Complications in Stability Calculations

Many different stability criteriafor
Identical synchronization.

Typical problems:
 Local instabilities

* Non-normal eigenvalues



Local instabilities

Response system:

~  Unstable




Transverse Lyapunov Exponents
(for coupled systems)

Example: 2 3-dimensional systems
x=F(x) y=F(y)

New coordinates:

1= XY, &= XY
Co = XY,  E5=XoYs
(3= XgtYs &g =X3zYs3

¢ 1, 2 and 3 aremotion on the

synchronization manifold.
4,5 and 6 are motion transverseto the
synchronization manifold



Unstable periodic orbits

A chaotic attractor consists of an
Infinite number of unstable periodic
orbits (UPQ's)
PLR circuit
period 1 period 4

y (V)

x (V)

0
X V) x (V)



Coupled PL Rosder systems (diffusive
coupling constant = c)

Transverse Lyapunov exponents for
different UPQO's
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Rossler system synchronization
(2 coupled Rosslers)
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Other complicationsin synchronization.

Diagonalize Jacobian:
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Eigenvectors may not be orthogonal

timeO

projection

(non-normal)
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Synchronous Substitution

Send a function of thevariables
(smilar to Kocarev and Parlitz)

aX — ==C O
& =P
send W= T(Xg, Xy, Xs)

at response, invert T
For example:  %,=T “w,X XX

Z_T:F(xl,iz,xs)



Examples of Synchronous Substitution

PL Rossler circuit:
Transmitw=y—x
Then y=w+X

Response Jacobian:

005 -05 -l0
1.0+1.0 0-0.02 Og
0
H OX H

A =-196 s*



Synchronous substitution examples

1.0-w 0-0.02 Og
0
H OX H



Synchronizing Volume-Preserving M aps




Circuit block diagram
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L yapunov exponents:
0.6829 + 0.3023 + (-0.9852) =0

Autocorrelation (from circuit)
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How to couple circuits?

Drive Jacobian:
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Map synchronization

drive

- - - -response

m
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General coupling scheme
(Peng et al. PRL 1996)

drive circuit
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General coupling:

Jacobian for PL Rossler

E—o.os—m -0.5-kh —1.0—@%
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General coupling

For n dimensions, have 2n parameters
K,...K, by,...Db,

Use minimization algorithm to minimize
lar gest response L yapunov exponent by
varyingk’sand b’s.

Many minima.



Pitfalls of minimization
Calculate A for interval of length T

Algorithm will minimize expansion
over thisinterval

Possible result

AX

Actual system isunstable, but
calculated A isnegative



Hyperchaotic Rossler circuit
equations
(design by Gregg Johnson)

dxq / dt = —.05%; —.5%y —.62X3
dxo, /dt = X1 + pXy +.40%y
dxz/dt = -2x3+g(%q)
dx4 /dt = —1.5x3 +.18X4 + h(X,)
Piecewise linear functions:
g(xq) = 10(x1 —.68) ©(x1 —.68)
h(x4) = —.41(x,4 —3.8) ©(x4 — 3.8)



Circuit Attractors (experiment)




Coupling coefficientsfor 4-D Rossler
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K =(-1.97,2.28,0,1.43)
B =(0.365,2.04,-1.96,0)

A=-034



Switch off
5.0 { synchcontrol Switch on synch

—_ control

> \ /
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y VS. X (transmitter) y'vs. X' (receiver)

chaotic --> hyperchaotic parameter fixed
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Lorenz equations
dX]_/ dt = 16(X2 — Xl)
dXo /dt = X (R—X3) — %o
dxz/dt = Xy Xo —4X3



y VS. X (trans)

L orenz parameter mismatch

y'vs. X' (rec.)

100 - 300 100 -
50 - 50 -
04 200 04
-50 - -50 -
100
-100 -100
-150 0 -150 , ——
-40 0 40
100 - 300
50 -
04 200
-50 -
100
-100
-150 0
100 - 300 100 -
50 - 50 -
0 200 04
-50 - -50 -
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-100 - -100 -
-150 0 -150 , , ,
-40 0 40
100 - 200 100 -
50 - 50 —
04 200 04
-50 504
100
-100 - -100 -
-150 0 -150 , , ,
-40 0 40




Lorenz system

AR = 17.5 %
R; = 165
Rg = 200
0.6
IAR] X ()l
0.5 A

e 1l
[IX T

| | | | | | | |
-45 -40 -3 -30 -25 -20 -15 -10

Largest Lyapunov exponent (A)



Add function to circuits
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gain

Telephone Scrambler

Dynetics, Inc, Dynetica, Inc.

T e

Chastic Descrambier

.-y s Xy ' %
@0 e®
0 -~ e nr ne

V2222222

\ NN NNNNNNNN

12 ——— 2o
T R IV S T 1200

- 1200
14900
1200
1000
=0

i Eeollesesifoes b bonaliasdenal

: L I( : 4 . H H i

. F : : ] : ] : il

L% S S S S R . .
5 S : =31t =00
3 N L a0

Ef P iy 700

II L J Ill " IIIIT ll AL LILDRERLME LU EE LR LER )

innrapped phase (deg)

Y
o

U [PEFTIRI FIATTY PP PPIRPE PRTTR
401 1000 1400 3000 2500 =000 3500 4200

0 200 1000 1500 2000 2900 3000 3700 <000

o

frequanoy 'HZ) Nequenwy M

amplitude phase



Use a bandpassfilter for F

A bandpassfilter isa second order (or
higher) dynamical system.

Second order bandpassfilter characteristics:

0 -
———————————— (-3 dB)
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[
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0.1 234571 2 3 456 10
£/ £,
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0.1 1 10



Form of thefilter F isimportant

If output of F does not explicitly contain X,
y, or z, then Jacobian looks like:

1.3 oF(x,y,z,K,B)
11 Y12 Y13 o

[]
Poy -+
0 .

:

HEE .



Filtering process for Rossler signal

signal

in

Wi

>

pi

en-Robinson bandstop filter

band-stop
filter

v‘v‘v‘
\|
vl 1]
- . S
T 2 3
ID
-~
)

+ : signal out

g, = output, u = input
0% _ 1 5p 1qy 10 d2u
_dt__R_EAUu 9 leﬁ+ ADRCd—Z
dgz_ 1
q  RCH



(dB)

Power

(dB)

Power

Rossler

spectrum before filtering
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Rossler synchronization: u' vsu

10

-10 -




L orenz system

di( 16Dy_ XD

(gy_ —xz+45.92x~-y

dZ = v\/—
dt Y




Filtering process for Lorenz system

Signa band-pass |
" ’[ filter | -

signal out

bandpassfilter
TR
'n }Rgl'kc if out

u = input, g, = output

dy_ 2, 01 21 1 1 du
@ RC™ 2RCRC RC2 RCdt
d
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Lorenz signal beforefiltering
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maximum Lyapunov exponent

Lorenz stability vsfilter center frequency




Other Applicationsfor Filters:

Synchronizing Nonautonomous Circuits

must match phase

- >




Consider 2 periodically driven systems
such as the Duffing system: (Heagy)

YL =W+ glxa) + Acos(r)
dgp _
a2

c\i/tZ: -Wo + g(X2)+ ACOS(CPZ)
dg, _
a @

Suppose we drive system 2 with the x
component of system 1.

V2 = W2 + g(X1) + A COS@p

We will want @2 - @1 to go to O, but we only
know x2 and X1.



Heagy's control scheme
OX = X2 - X1

o@0) = 92(0) - 91(0),

It can be shown for small dx after an
Initial transient time that:

_ ASqO) |
ol ¢

Therefore, the amplitude of dx Is
proportional to the phase difference between
the two systems and is modul ated at the

forcing frequency w.

Sy = )NCOS(QI @(0))+ usin(wt + @0)



Phase correction circuit

10 K 20 uF
1k 50 k to FMinput
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Synchronizing nonauto circuits
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X (V)

Synchronization of 4-D
Duffing cir cuits

0.02 0.025 0.03 0.035 0.04

sin' (V)




Duffing spectrum unfiltered
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Filtering Duffing Signal

signal in

>

_’[ bandpass filter I_’

Inside bandpass filter:
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Reconstructing Chaotic Signal

P

bandpass -
filter

™~
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carrier in
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response circuit



Full circuit equations
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X" (V)

synchronization
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Signal Separation
add signal from a different Duffing circuit

Same drive frequency: independent phase

dé _
F 104y

‘Z_L{J = 10%Bcosiwt + @) + A, - 0.256y - £3)

filter & to produce &t and add to Xt

0_||||

S (dB)

_80 | I | | 1 1 111 | 1 1 1 1 | 1 1 1 1 I 1 1 1 1 | 1 1 1 1
0 500 1000 1500 2000 2500 3000

f (Hz)
&t power spectrum

&t acts as deterministic in band noise: hard to separate



Signal tonoise1:1

Constant phase offset, but little
drift

6 L | | ! | | 1 L I ! | ! ! LI

F' (V)

_4 L1 1 I | 1 | | | 1 I 1 | 1 I 1 11

IN

2 0 2 4
F (V)

If only wrong signal present,
no synchronization

(o)}



Review

Drive-Response synchronization:

dx dy dz
—:F 1 Y y —:G 1 Y 1_:H 1 Y
o~ Fxy2) =6xy2) =H(xY.2)
response

dy dz

—:G y ’2'1—:H y 12

If all Lyapunov exponents<0,y ->y, 7 ->z

Cascading:
dx'’ dz'
—:F ”1 12”’ —:H ”1 12”

If all Lyapunov exponents< 0, then x’’ -> X

Can communicate by varying a parameter,
SOX' =XO0r X' #X



Review
Synchronous substitution:

X F(xy.2) % =G(x,y,2), =

H(X,V,z
dt g - Hxy.2)

transmit w=T(X,y,2)

at response: useresponse variablesto
invert T:

=T Y(wy,2)
dx dy _ ~/ dz
P F(%.Y.2), it =G(x,Y.2), e H(%X,Y .Z)

Choiceof T affects stability of response



Review
General coupling scheme:

Ko Fxy,2), Y=6(xy2), L=

H b} b}
dt dt i - Hxy2)

Transmit w =KX + ky + k;z

Response: W =Kk X' + Ky + K,Z

O = F(x.y,2) +By(w-w)
Y- 6(x.y,2)+byw-w)
% = H(x.y.2) +by(w-w)

Vary k’s, b’sto minimize response
L yapunov exponents.

First 2 schemes are special cases of this
general coupling.



Review
Filtering autonomous chaotic systems:
w =KX+ kyy + k;z

Transmit w,= @&(w), where @isa
dynamical system (filter).

At response, W = kX' + ky +Kk,Z
W= OWw)

Feedback (w;—w')to synchronize
response system.



Review

Synchronizing non-autonomous systems.

% =F(xy,zsin(wt +¢))
response:
% =F(x,y,Z,sn(wt+@))

then x-x’ isproportional to
(@-@)sin(wt + )

Filter at w, sample, integrate, and correct

response phase using frequency
modulation.



Review
Filtering nonautonomous signals:

dx

= F(xyzsin(wt+q)

Filter out periodic components of
transmitted signal:

X: = X -®(X), where @ isa bandpassfilter
At response, X' ,= @(X')

Driveresponse with

X=X; +X ,=X=D(X) + D(X)

@

Result isphase sync of sine oscillator s by
broad-band signal. Very noiseresistant.



Non-self-synchronous systems

* Problemswith self-synchronous
systems:

noise added to reference signal- isit
possibleto use when S/IN< 1? (no
processing gain)

Distortion: filtering may be
Irreversible, information lost.

Stable response system necessary:.
difficult when filters added.

Circuits must be well matched.



Extracting signals from noise

Must know something about signal.
Examples:

* Periodic carrier- know freguency

 Direct sequence spread spectrum- know
pseudo-random sequence.

e Deterministic signals. presence of
determinsm used in some chaotic noise
reduction methods.

For a known chaotic attractor, we do
know the unstable periodic orbits
(UPQO’s)



Unstable periodic orbits

A chaotic attractor consists of an
Infinite number of UPQ's.

| f we know which UPQO attractor ison
at all times, we know attractor.



Finding UPO's

From equations of motion:
* Use Newton's method to find

periodic solutions.

From data:
 Method of close approaches

L ook for multiple returnswithin some
small radius.



Sprott system B

dx —

ot 0.4yz
dy -y —
dt 1.2y
dz—1_
g

< O



Typical UPO'sfrom Sprott system B




Unstable periodic orbits

| nfinite number of orbits, but dynamics
dominated by low period or bits.

Can create an approximation to the
attractor by using only afinite set of low

period orbits.



UPO Approximation technique

Extract UPO’sup to a given length
from a chaotic attractor.

. Construct all possible sequences of
motion based on this set of UPO'’s.
Truncate sequencesto afixed length L

. Takesegment of length L from time
series. Compareto each UPO
seguence. Choose best fit to
approximatetime series.

Repeat 3

Build histogram, truncate set of
UPQO’s

. Combine UPO sequencesfor length of
2L, 3L, etc, if necessary



Creating UPO sequences

N

Decide which UPQ's can follow each
other: x,y, and z must come within some
tolorance € of each other.

i i E j i |

Construct all possible sequencesfor
a fixed length L



Typical UPO sequences of length 128
for Sprott System B (z component)
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Correlate with incoming signal:

Compare each 128 point sequence. At each
Interval, choose sequence with lar gest
Cross correlation.




number of occurrences

Histogram of 128 point sequences
(1992 sequences)
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combine 128 point sequences for 256 point sequences

keep 1162 sequences

— original

|
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Sprott system C

ax —
a 0.4yz

dy_y_
& x—1.2y
dz—q1_y2
dt 1=x




Power spectra for systems B,C

(adjust time constants so spectra match)

power

power
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system B
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| | | | | |

0 200 400 600 800 1000

frequency (arbitrary units)



Try to fit system C time series
with system B UPO sequences:
histogram of correlations.

N

o

S
l

B compare B UPO sequences to B time series
B compare B UPO sequences to C time series

= =

o al

o o
| |

number of occurrences
g
]

0= I I L L

> correlation of best fit UPO sequer(i'%e o



Communication

e Multiply timeseriesby £ 1

e Add noise or other chaotic signal.

e Usecross-correlation to find best fit UPO
seguence: revealsif + or - 1 was sent.

e Estimate bit error probability: what isthe
probability of detecting +1 when -1 was sent,
and vice ver sa.

e Bit error probability of 0.5 meansno knowledge



Performance for Sprott system B
with white noise
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Performance of Sprott system B
with Sprott system C
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Perfor mance with noise from
L orenz equations
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Performance of Logistic map with
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Using UPO’ sto overcome distortion

Simulate distortion with a 2" order band
passfilter:

Modulate signal from Sprott system B as
before.
Filter with bandpassfilter.

Compareto UPO sequences as befor e, but
first filter with bandpassfilter, where w.

and Q are adjustable parameters.

Vary w, and Q during each comparison to
get best crosscorrelation



Q=2, w, =05
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Performance in white noise
uncorrected and corrected
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Fitted Q vsactual Q
(no noise)




Fitted frequency vsactual Q

(no noise)
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Review

Possible to approximate chaotic signal
with UPQO’s.

Degree of approximation dependson
amount of computation.

Worksbest with dissmilar chaotic
signals.

Big Problem:
Sear ching through UPO sequencesis slow




Future questions
 What isminimum SNR for salf sync?

* Arethere properties of chaotic signals
that are preserved under heavy filtering?

 How can properties of Dynamical
Systems be used to improve
communications?

e Can chaosdo anything better? Arewe
trying to force chaosinto the wrong
application?



